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The free globularily generated double category as a free object
Juan Orendain
Abstract: We provide a formal interpretation of the free globularily gen-
erated double category construction as a free construction in the category
of globularily generated double categories. We regard this as a categorical
formalization of the consideration of canonical projection double functors as-
sociated to globularily generated internalizations as generators and relations
presentations.
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1 Introduction
This is a continuation of the work presented in [32] in which the free globu-
larily generated double category construction was presented. The main goal
of this note is to formally interpret the free globularily generated double
category as a free object in the category of globularily generated double cat-
egories. Precisely, we prove that decorated horizontalization, introduced in
[31] endows the category of globularily generated double categories with the
structure of a category concrete over decorated bicategories, we extend the
free globularily generated double category construction to a functor from the
category of decorated bicategories to the category of globularily generated
double categories, and we prove that the pair formed by this functorial ex-
tension and the decorated horizontalization functor is an adjoint pair with
the canonical projection oduble functor as unit.
We say that a double category having a bicategory B as horizontal bicat-
egory and a category B∗ as category of objects, is a solution to the problem
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of existence of internalizations of bicategory B decorated by B∗. We study
the problem of existence internalizations of decorated bicategories. Our main
motivation for the study of the problem of existence of internalizations of dec-
orated bicategories stems from the work of Bartels, Douglas, and Henriques
on the theory of Hilbert bimodules over von Neumann algebras [4], and from
their theory of coordinate free conformal nets [5,6,7]. We are interested in the
problem of existence of a bicategory of not-necessarily semisimple coordinate
free nets, internal to the 2-category of symmetric monoidal categories, and
in the equivalent problem of existence of symmetric monoidal internaliza-
tions of the bicategory of not-necessarily semisimple von Neumann algebras
decorated by not-necessarily finite vertical morphisms. The free globularily
generated double category provides a pathway for a possible combinatorial
solution to this problem.
In [31] globularily generated double categories are introduced. Globu-
larily generated double categories are double categories which are minimal
solutions to the problem of existence of internalizations for decorated bicat-
egories. In order to prove the existence of a double category internalizing
a given decorated bicategory one thus only needs to look for globularily
generated double categories satisfying this condition and this strategy is op-
timal with respect to inclusions. In [32] the free globularily generated double
category construction was introduced. The free globularily generated dou-
ble category associated to a decorated bicategory is a globularily generated
double category canonically controlling all its possible globularily generated
internalizations. Precisely, given a decorated bicategory B the free globu-
larily generated double category QB associated to B satisfies the following
defining condition: For every globularily generated internalization C of B
there exists a full double functor piC : QB → C satisfying certain defining
conditions. We call double functors of the form piC canonical projections.
The results of this note allow us to formally regard the pair QB, pi
C associ-
ated to a globularily generated internalization C of a decorated bicategory
B as a generators and relations presentation for C. Generators and relations
presentations for globularily generated double categories and computations
of globularily generated internalizations of the decorated bicategory of al-
gebras and algebras morphisms, and of semisimple von Neumann algebras
and finite morphisms presented in [31] provide a pathway to a possible com-
binatorial positive solution to the problem of existence of internaliations of
the bicategory of von Neumann algebras decorated by not-necessarily finite
morphisms. This strategy will be explored in a further paper. We now sketch
the contents of this paper.
In section 2 we recall the basic definitions and results regarding globular-
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ily generated double categories and internalizations. In section 3 we present
a brief summary of the pieces of structure defining the free globularily gener-
ated double category construction. In section 4 we prove that the restriction
to the category of globularily generated double categories of the decorated
horizontalization functor is faithful. We thus provide the category of globu-
larily generated double categories with the structure of a concrete category
over the category of decorated bicategories. In section 5 we make use of the
main ideas behind the free globularily generated double category construc-
tion to extend this construction to decorated pseudofunctors. We define the
free double functor construction. In section 6 we prove that the free globu-
larily generated double category construction together with the free double
functor construction forms a functor from decorated bicategories to globu-
larily generated double categories. We prove that the pair formed by this
functor and the decorated horizontalization functor forms an adjoint pair,
with the canonical projection natural transformation as unit, thus formally
interpreting the pairs of the form QB, pi
C associated to globularily generated
internalizations C of decorated bicategories B as generators and relations
presentations of internalizations C.
2 Preliminaries: Globularily generated double cat-
egories
In this first section we recall definitions and results relative to globularily
generated double categories.
Decorated horizontalization
We say that a pair C,B, formed by a category C and a bicategory B, is a
decorated bicategory if the collection of objects of C equals the collection of
0-cells of B. In that case we will call B and C the underlying bicategory
and the decoration of C,B respectively. We will usually denote decorated
bicategories by single scripted letters, we will identify decorated bicategories
with their underlying bicategories, and we will indicate decorations with
asterisks, e.g. if the letter B stands for a decorated bicategory, the letter B
will also denote underlying bicategory of B, and B∗ will denote the decoration
of B. This convention will be used in general statements and proofs, but
it will not be implemeted in certain particular cases. Given a decorated
bicategory B, in analogy with the notation used in the theory of double
categories we will call 0-, 1-, and 2-cells of the underlying 2-category of B,
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objects, horizontal morphisms, and globular morphisms of B respectively.
We will call morphisms of the decoration B∗ of B vertical morphisms of B.
Given a double category C, we denote by H∗C the pair formed by the
horizontalization HC of C, and the category of objects C0 of C. Thus de-
fined, H∗C is a decorated bicategory. Given a decorated bicategory B we
say that a double category C is a internalization of B if B is equal to
the decorated horizontalization H∗C of C. There is an obvious notion of
decorated pseudofunctor between decorated bicategories, see [31] for details.
We write bCat∗ for the category whose objects are decorated bicategories
and whose morphisms are decorated pseudofunctors. We write dCat for the
category of double category and double functors. The decorated horizontal-
ization construction extends to a functor from dCat to bCat∗. We write
H∗ for this functor. We call H∗ the decorated horizontalization functor.
Globularily generated double categories
Let C be a double category. We write γC for the smallest sub-double cat-
egory of C having the same category of objects and the same collection of
horizontal morphisms than C, and containig the collection of globular 2-
morphisms of C. We call γC the globularily generated piece of C. We say
that a double category C is globularily generated if γC equals C. The
globularily generated piece γC of a double category C is thus globularily
generated. The following result was proven in [31].
Lemma 2.1. Let C be a double category. The decorated horizontalization
H∗C of C is equal to the decorated horizontalization H∗γC of the globularily
generated piece γC of C. Moreover, the globularily generated piece γC of C
is minimal with respect to this property.
We interpret this result by saying that globularily generated double cate-
gories are minimal solutions to problems of existence of internalizations of
bicategories. Globularily generated double categories admit pieces of struc-
ture that general double categories do not, e.g. vertical and horizontal fil-
trations and vertical length. We write gCat for the full subcategory of
dCat generated by globularily generated double categories. The globular-
ily generated piece construction admits an obvious extension to a functor γ
from dCat to gCat. We call this functor the globularily generated piece
construction functor.
The vertical filtration
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We briefly explain the vertical filtration construction, which will serve as mo-
tivation for the free globularily generated double category construction. Let
C be a globularily generated double category. We write H1 for the union of
the collection of globular 2-morphisms of C and the collection of horizontal
identities of vertical morphisms of C. We write V1 for the subcategory of
the category of morphisms C1 of C, generated by H1. Now, given a pos-
itive integer k strictly greater than 1, if we assume Vk−1 has been defined
we associate to Vk−1 a category Vk. First denote by Hk the collection of
all possible horizontal compositions of 2-morphisms in Vk−1. We make, in
that case, Vk to be the subcategory of the category of morphisms C1 of C,
generated by Hk. We thus associate, recursively, to every double category
C, a sequence of subcategories Vk of the category of morphisms C1 of C. We
call, for every k, the category Vk the k-th vertical category associated to C.
We have used, in the above construction, for every k, an auxiliary collection
of 2-morphisms Hk of C. Observe that for each k the collection Hk both
contains the horizontal identity of every vertical morphism in C and is closed
under horizontal composition. If C is strict, then, for every n, the collection
Hk is the collection of morphisms of a category whose collection of objects
is the collection of vertical morphisms of C. In that case we call Hk the k-th
horizontal category associated to C. By the way the sequence of vertical
categories Vk was constructed it is easily seen that for every k the inclusions
HomVk ⊆ Hk+1 ⊆ HomVk+1
hold. This implies that the k-th vertical category Vk associated to C is
a subcategory of the k + 1-th vertical category Vk+1 associated to C for
every k. Moreover, in the case in which C is strict, the k-th horizontal
category Hk associated to C is a subcategory of the k + 1-th horizontal
category Hk+1 associated to C for every k. The following lemma says that
the sequence of vertical categories of a globularily generated double category
forms a filtration of its category of morphisms.
Lemma 2.2. Let C be a globularily generated double category. The category
of morphisms C1 of C is equal to the limit lim−→
Vk of the sequence Vk of vertical
categories associated to C.
Given a strict double category C the pair τC formed by the collection of
vertical morphisms of C and the collection of 2-morphisms of C is a category.
The composition operation in τC is the horizontal composition in C. We
call the category τC associated to a strict double category C the transversal
category associated to C.
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Corollary 2.3. Let C be a globularily generated double category. If C is a
strict double category, then the transversal category τC associated to C is
equal to the limit lim
−→
Hk, of the sequence of horizontal categories associated
to C.
Given a double category C we call the sequence Vk of vertical categories
associated to C the vertical filtration of C. In the case in which C is strict we
call the sequence of horizontal categories Hk associated to C the horizontal
filtration associated to C. When the vertical or the horizontal filtrations of
different double categories are studied we indicate the double category of
which corresponding filtrations is being considered with the double category
as superscript, e.g. we write V Ck for the k-th vertical category of a double
category C. The free globularily generated double category construction
relies on a replication of the methods present in the construction of the
vertical and horizontal filtrations.
The horizontal and vertical category constructions extend to double func-
tors by restriction to the corresponding categories. These extensions assam-
ble into functors. Precisely, for every positive integer k there exists a functor
Hk from gCat to the category of sets and functions Set associating to ev-
ery globularily generated double category C the set HCk and there exists a
functor from gCat to the category of categories and functors Cat associat-
ing to every globularily generated double category C the category V Ck . The
filtration equations above extend to a functorial setting. See [31] for details.
3 Preliminaries: Free globularily generated double
categories
We present a brief account on the way the free globularily generated double
category and the canonical projection are constructed. For the details of the
construction see [32].
Notation on evaluations
Let X and Y be sets. Let s, t : X → Y be functions from X to Y . Let
x1, ..., xn be a sequence of elements of X. We will say that x1, ..., xk is com-
patible with respect to s and t if it is a composable sequence of morphisms
in the free category generated by X with s and t as domain and codomain
functions respectively. Given a compatible sequence x1, ..., xk we call the
different ways of writing the word xk...x1 composing elements of x1, ..., xk
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two by two in the free category generated by X the evaluations of x1, ..., xn
We write Xs,t for the collection of evaluations of finite sequences of elements
of X. We write s˜ and t˜ for the functions s˜, t˜ : Xs,t → Y defined as follows:
Given an evaluation Φ of a sequence x1, ..., xk of elements of X, compatible
with respect to s and t, we make s˜Φ and t˜Φ to be equal to sx1 and txk re-
spectively. The values s˜Φ and t˜Φ do not depend on the particular evaluation
Φ of x1, ..., xk. Given sequences x1, ..., xk and xk+1, ..., xn in X, compatible
with respect to s and t, such that the sequence xk, xk+1 is compatible, and
given evaluations Φ and Ψ of x1, ..., xk and xk+1, ..., xn respectively, the con-
catenation of Ψ and Φ defines an evaluation of x1, ..., xk, xk+1, ..., xn. We
denote the concatenation of Φ and Ψ by Ψ ∗s,t Φ. These operations define a
function from Xs,t ×Y Xs,t to Xs,t. We write ∗s,t for this function.
Now, given sets X,X ′, Y , and Y ′, and functions s, t : X → Y from X
to Y and s′, t′ : X ′ → Y ′ from X ′ to Y ′, we say that a pair of functions
ϕ : X → X ′ and φ : Y → Y ′ is compatible if ϕ and φ intertwine s and s′
and t and t′. Given an evaluation Φ of a compatible sequence x1, ..., xk, the
same parenthesis pattern defining the evaluation Φ defines an evaluation of
the sequence ϕx1, ..., ϕxk . We write µϕ,φΦ for this evaluation. We write µϕ,φ
for the function from Xs,t to X
′
s′,t′ associating the evaluation µϕ,φΦ to every
evaluation Φ in Xs,t.
Preliminary notational conventions
Given a vertical morphism α in a decorated bicategory B we will write iα for
the singleton {α}. We call iα the formal horizontal identity of α. We write G
for the union of the collection of globular morphisms in B and the collection of
all formal horizontal identities iα. We write d0, c0 for the functions from G to
B1 associating to every element in G its domain and codomain in B and s0, t0
for the functions from G to B∗ associating to every element in G its source
and target in B respectively. Care has to be taken in the way d0, c0, s0 and
t0 are formally defined in formal horizontal identities but they are defined
in the obvious manner. We write p for the function from the collection
of evaluations B1d,c of B1, with respect to the pair formed by domain and
codomain functions d, c in B, to the collection of horizontal morphisms B1 of
B such that for every composable sequence f1, ..., fk of horizontal morphisms
in B and for every evaluation Φ of f1, ..., fk, the image pΦ of Φ under p is
equal to the horizontal composition of sequence f1, ..., fk in B following the
parenthesis pattern defining Φ.
The inductive step
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Given a decorated bicategory B we will write E1 for the collection of eval-
uations Gs0,t0 of G, with respect to s0 and t0. We denote by s1 and t1 the
functions s˜0 and t˜0 defined by s0 and t0. Thus defined s1 and t1 are func-
tions from E1 to HomB∗ . We write ∗1 for the operation ∗s1,t1 on E1. Finally,
we write d1 for the composition pµd0,id, and we write c1 for the composition
pµc0,id. Thus defined d1 and c1 are functions from E1 to the collection of hor-
izontal morphisms B1 of B. The following result is the first step towards the
free globularily generated double category construction. See [8] for details.
Theorem 3.1. Let B be a decorated bicategory. There exists a pair of se-
quences of triples Ek, dk, ck and Fk, sk+1, tk+1 with k running through the
collection of all positive integers, such that for each positive integer k, Ek is
a set containing E1; dk, ck are functions from Ek to B1 extending d1 and c1,
Fk is a category having B1 as collection of objects, and sk+1, tk+1 are functors
from Fk to B
∗. Moreover, the pair of sequences Ek, dk, ck and Fk, sk+1, tk+1
satisfies the following conditions
1. For every positive integer k the collection of morphisms HomFk of Fk
is contained in Ek+1. Moreover, Ek+1 is equal to the set of evaluations
HomFksk+1,tk+1
of the set HomFk of morphisms of Fk with respect to
the pair formed by morphism functions of functors sk+1 and tk+1.
2. For every positive integer k set Ek is contained in the collection of mor-
phisms HomFk of category Fk. Moreover, Fk is equal to the free cate-
gory generated by Ek with functions dk and ck as domain and codomain
functions respectively. The restriction of the morphism functions of
functors sk+1 and tk+1 to E1 are equal to functions s1 and t1 defined
above.
3. For every pair of positive integers m,k such that m is less than or equal
to k. In that case, as defined above, Em is contained in Ek, functions
dm and cm are equal to the restrictions to Ek of dk and ck respectively,
and the concatenation operation ∗m is equal to the restriction to Em of
∗k. Moreover, Fm is a subcategory of Fk and the functors sm+1, tm+1
are equal to the restrictions to Fm of sk+1 and tk+1 respectively.
Limiting procedure
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The second step in the construction of the free globularily generated double
cateogry is a limiting process on the data defined by Theorem 3.1.
Let B be a decorated bicategory. We write E∞ for
⋃
∞
k=1Ek. We write d∞ and
c∞ for the limits of the sequences dk and ck respectively. Thus defined d∞
and c∞ are functions from E∞ to B1. We denote by ∗∞ the limit lim−→
∗k of the
sequence of operations ∗k. Thus defined ∗∞ is a function from E∞×B∗E∞ to
E∞. We write F∞ for the limit lim−→
Fk in the 2-category of categories, of the
sequence of categories Fk. The collection of objects of F∞ is the collection
of horizontal morphisms B1 of B, and the collection of morphisms of F∞ is
E∞. The domain and codomain functions of F∞ are equal to d∞ and c∞
respectively. We write s∞, t∞ for the limits of the sequences sk, tk. Thus
defined s∞ and t∞ are functors from F∞ to B
∗. Finally, we write •∞ for
the composition operation of F∞. Thus defined •∞ is the limit lim−→
•k of the
sequence of composition operations •k defining categories Fk. In order to
obtain the free globularily generated double category construction we divide
the structure just described by the equivalence relation R∞ on E∞ generated
by the following relations:
1. Let Φi,Ψi, i = 1, 2 be morphisms in F∞ such that the pairs Φ1,Φ2 and
Ψ1,Ψ2 are compatible with respect to the pair s∞, t∞ and such that
the pairs Φi,Ψi, i = 1, 2 are both compatible with respect to the pair
d∞, c∞. In that case we identify compositions:
(Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1) and (Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1)
2. Let Φ and Ψ be globular 2-morphisms of B such that the pair Φ,Ψ is
compatible with respect to the pair s∞, t∞. We identify the composi-
tion Ψ •∞ Φ of Φ and Ψ with the vertical compostion ΨΦ of Φ and Ψ
in B. Moreover, if α and β are vertical morphisms in B such that the
pair α, β is composable in the decoration B∗ of B, then, in that case,
we identify the composition iβ •∞ iα of the horizontal identities iα and
iβ with the horizontal identity iβα of βα.
3. Let Φ and Ψ be globular 2-morphisms of B such that the pair Φ,Ψ is
compatible with respect to functors s∞, t∞. In that case we identify
the composition Ψ ∗∞ Φ with the horizontal composition ΨΦ of Φ and
Ψ.
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4. Let Φ be a morphism in F∞. We identify Φ with the compositions
λc∞Φ •∞ (Φ ∗∞ it∞Φ) •∞ λ
−1
d∞Φ
and ρc∞Φ •∞ (is∞Φ ∗∞ Φ) •∞ ρ
−1
d∞Φ
where λ and ρ denote the left and right identity transformations of the
bicategory underlying B.
5. Let Φ,Ψ,Θ be elements of E∞ such that the triple Φ,Ψ,Θ is compat-
ible with respect to the pair s∞, t∞. In that case we identify composi-
tions
Ac∞Φ,c∞Ψ,c∞Θ•∞ [Θ∗∞(Ψ∗∞Φ)] and [(Θ∗∞Ψ)∗∞Φ]•∞Ad∞Φ,d∞Ψ,d∞Θ
where A denotes the associator of the bicategory underlying B.
Dividing by R∞
As the next step of the free globularily generated double category construc-
tion we divide the category F∞ defined above by the equivalence relation
R∞.
Let B be a decorated bicategory. We write V∞ for the quotient F∞/R∞. We
keep writing d∞, c∞, and •∞ for the domain, codomain, and composition
operation functions in V∞ respectively. We write H∞ for the collection of
morphisms of V∞. Thus defined H∞ is equal to the quotient E∞/R∞ of
the collection of morphisms E∞ of F∞ modulo R∞. The source and target
functors s∞ and t∞, and the horizontal composition function ∗∞ of F∞
are all compatible with the equivalence relation R∞ and thus descend to
corresponding categorical pieces of structure in V∞. We keep denoting the
corresponding pieces of structure s∞, t∞ and ∗∞ respectively.
Let k be a positive integer. The relation R∞ restricts to an equivalence
relation in Ek. We denote by Hk the quotient Ek/R∞. Moreover, R∞
restricts to an equivalence relation on HomFk . The relation R∞ is compatible
with the domain and codomain functions of Fk and is thus compatible with
the category structure of Fk. We denote by Vk the quotient Fk/R∞ and keep
denoting by dk, ck, and •k the domain, the codomain, and the composition
operation functions in Vk. The functors sk+1 and tk+1 are compatible with
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R∞ and thus induce functors from Vk to the decoration B
∗ of B. We keep
denoting these functors by sk+1 and tk+1 respectively. Finally, observe that
the function ∗k is compatible with R∞ and thus defines a function from
the set of all morphisms of Vk ×B∗ Vk to the set of morphisms of Vk. This
function, together with the composition operation function for horizontal
morphisms in B forms a functor from Vk ×B∗ Vk to Vk. We keep denoting
this functor by ∗k. Given positive integers m and k such that m is less than
or equal to k, Hm is contained in Hk, the category Vm is a subcategory
of the category Vk, the functors sm+1 and tm+1 are restrictions to Vm of
functors sk+1 and tk+1, and the functor ∗m is the restriction to Vm ×B∗ Vm
of the functor ∗k. Moreover, the category V∞ is equal to the limit lim−→
Vk
of the sequence Vk, the collection of morphisms H∞ of V∞ is equal to the
union
⋃
∞
k=1Hk of the sequence Hk, and the functors s∞, t∞ and ∗∞ are
the limits of the sequences of functors sk, tk and ∗k respectively. The pair
formed by the function associating the horizontal identity ida to every object
a of B and the function associating the formal horizontal identity iα to every
vertical morphism α in B defines a functor from the decoration B∗ of B to
the category V∞ associated to B. We denote this functor by i∞. For every
positive integer k we denote the codomain restriction to the category Vk of
the functor i∞ by ik. Thus defined, ik is a functor from the decoration B
∗
of B to the category Vk associated to B for every positive integer k.
The free globularily generated double category and canonical projection
Let B be a decorated bicategory. We denote by QB the pair formed by the
decoration B∗ of B and the category V∞ associated to B. In [8] it was proven
that the pair QB together with functors s∞, t∞, i, the functor ∗∞, and the
collection of left and right identity transformations, and associator of B, is
a double category. Moreover, with this structure, the double cateogry QB,
is globularily generated. We call the globularily generated double category
QB the free globularily generated double category associated to B.
When the free globularily generated double categories of different deco-
rated bicategories are being considered we will write each decorated bicate-
gory as a superindex for all the structure involved in the free globularily gen-
erated double category associated to it e.g. We will write sB∞, t
B
∞, ∗
B
∞, •
B
∞, i
B
for the double category structure of the free double category QB associated
to a decorated bicategory B. The same convention will apply to every piece
of structure involved in the free globularily generated double category con-
struction. A similar construction to the one defining the free globularily
generated double category defines the canonical projection double functor.
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Theorem 3.2. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. In that case
there exists a unique double functor piC : QB → C such that restriction of the
decorated horizontalization H∗piC of piC to B is equal to the identity endob-
ifunctor idB on the bicategory underlying B and to the identity endofunctor
on the decoration B∗ of B. The morphism functor of the double bifunctor piC
is full.
Given a globularily generated internalization of a decorated bicateogry B we
call the double functor piC presented above the canonical projection associ-
ated to C. We interpret the existence of the free globularily generated double
category and the canonical projection double dunctor as the existence of a
generators and relations presentation for C. The results of this note put this
consideration into a formal categorical setting.
4 Faithfulness of decorated horizontalization
In this section we prove that the decorated horizontalization functor H∗
is faithful when restricted to the category gCat of globularily generated
double categories. Faithfulness of H∗ endows gCat with the structure of
concrete category over bCat∗ with H∗ as forgetful functor. We begin with
the following proposition.
Proposition 4.1. Let C and C ′ be globularily generated double categories.
Let G,G′ : C → C ′ be double functors. Suppose that the decorated hori-
zontalizations H∗G and H∗G′ are equal. Then for every positive integer k,
the k-th horizontal functions HGk and H
G′
k are equal and the k-th vertical
functors V Gk and V
G′
k are equal.
Proof. Let C and C ′ be globularily generated double categories. Let G,G′ :
C → C ′ be double functors. Suppose that the decorated horizontalizations
H∗G and H∗G′ of G and G′ are equal. Let k be a positive integer. We wish
to prove that the k-th horizontal functions HGk and H
G′
k associated to G and
G′ respectively are equal, and that the k-th vertical functors V Gk and V
G′
k
associated to G and G′ respectively are equal.
We proceed by induction on k. We prove first that the first horizontal
functions HG1 and H
G′
1 associated to G and G
′ are equal. Let Φ be a globular
morphism in C. The image HG1 Φ of Φ under H
G
1 is equal to the image GΦ
of Φ under G. This is equal, given that Φ is globular, to the image H∗GΦ
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of Φ under the decorated horizontalization H∗G of G, which is equal, by
the assumption of the lemma, to the image H∗G′Φ of Φ under the decorated
horizontalization H∗G′ of G′, and this is equal to the image HG
′
1 Φ of Φ under
HG
′
1 . This, together with the fact that both G and G
′ are double functors
and thus preserve horizontal identities implies that HG1 and H
G′
1 are equal.
We now prove that functors V G1 and V
G′
1 are equal. Observe first that the
restriction of the morphism function of V G1 to H
C
1 is equal to the function
HG1 and that the restriction of the morphism function of the functor V
G′
1 to
the collection HC1 is equal to the function H
G′
1 . This, the previous argument,
the fact that HC1 generates the category V
C
1 , and the functoriality of V
G
1 and
V G
′
1 , implies that the functors V
G
1 and V
G′
1 are equal.
Let now k be a positive integer strictly greater than 1. Suppose that for
every positive integer n strictly less than k the functions HGn and H
G′
n are
equal and the functors V Gn and V
G′
n are equal. We prove now that under
these assumptions the functions HGk and H
G′
k are equal. Observe first that
the restriction of the function HGk to HomV Ck−1
of the morphisms of category
V Ck−1 is equal to the morphism function of the functor V
G
k−1 and that the
restriction of the function HG
′
k to the collection HomV Ck−1
of morphisms of
V Ck−1 is equal to the morphism function of V
G′
k−1. This, together with the
induction hypothesis, and the fact that G and G′ intertwine source and
target functors and horizontal composition functors of C and C ′ implies
that the functions HGk and H
G′
k are equal. We now prove that the functors
V Gk and V
G′
k are equal. Observe that restriction of the morphism function
of the functor V Gk to the collection H
C
k is equal to the function H
G
k and that
the restriction of the morphism function of functor V G
′
k to the collection H
C
k
is equal to the function HG
′
k . This, together with the previous argument, the
fact that the collection HCk generates V
C
k , and the functoriality of both V
G
k
and V G
′
k proves that the functors V
G
k and V
G′
k are equal. This concludes the
proof. 
Corollary 4.2. Let C and C ′ be double categories. Suppose C is globularily
generated. Let G,G′ : C → C ′ be double functors. If H∗G and H∗G′ are
equal, then the double functors G and G′ are equal.
Proof. Let C and C ′ be double categories. Let G,G′ : C → C ′ be double
functors. Suppose that C is globularily generated and that the decorated
horizontalizations H∗G and H∗G′ of G and G′ are equal. We wish to prove,
in this case, that double functors G and G′ are equal.
The globularily generated pieces γG and γG′ of G and G′ are both double
functors from the globularily generated double category C to the globular-
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ily generated piece γC ′ of C ′. The decorated horizontalization H∗γG of
γG is equal to the decorated horizontalization H∗G of G and the decorated
horizontalization H∗γG′ of γG′ is equal to the decorated horizontalization
H∗G′ of G′. It follows, from the assumption of the corollary that the double
functors γG and γG′ satisfy the assumptions of proposition 4.1 and thus for
every positive integer k the k-th term V γGk of the vertical filtration associ-
ated to γG and the k-th term V γG
′
k of the vertical filtration associated to
γG′ are equal. By lemma 2.2 both γG and γG′ admit decompositions as
limits lim
−→
V γGk and lim−→
V γG
′
k of the vertical filtrations V
γG
k and V
γG′
k associ-
ated to G and G′ respectively. It follows, from this, that the globular piece
γG of G and the globular piece γG′ of G′ are equal. Finally, the globular
piece double functors γG and γG′ associated to G and G′ are equal to the
codomain restrictions, to the globular piece dobule category γC ′ of C ′ by
the assumption that C is globularily generated and thus the double functors
γG and γG′ are equal if and only if the double functors G and G′ are equal.
This concludes the proof. 
Corollary 4.3. The restriction of H∗ to gCat is faithful.
5 Free double functors
In this section we extend the free globularily generated double category con-
struction to decorated pseudofunctors. Precisely, we introduce the free dou-
ble functor construction. We associate, to every decorated pseudofunctor
between decorated bicategories, a double functor between the correspond-
ing free globularily generated double categories. We call double functors so
constructed free double functors. The methods used in this section will be
generalizations of the methods employed in the free globularily generated
double category construction.
The construction
Proposition 5.1. Let B,B′ be decorated bicategories. Let G : B → B′ be
a decorated pseudofunctor. There exists a pair, formed by a sequence of
functions EGk : E
B
k → E
B′
k , and a sequence of functors F
G
k : F
B
k → F
B′
k , with
k running over all positive integers, such that the following conditions are
satisfied:
1. Let Φ be a globular morphism in B. The image EG1 Φ of Φ under E
G
1
is equal to the image GΦ of Φ under G. Moreover, if α is a vertical
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morphism of B, then the image EG1 iα, of the horizontal identity iα of
α under EG1 , is equal to the horizontal identity iGα of Gα.
2. For every pair of positive integers m,k such that m is less than or equal
to k, the restriction of EGk to the collection of morphisms of F
B
m is equal
to the morphism function of FGm , and the restriction of the morphism
function of FGk to the collection E
B
m equals E
G
m.
3. The following two squares commute for every positive integer k
EBk E
B′
k E
B
k E
B′
k
B1 B
′
1 B1 B
′
1
EG
k
dB
k
G
dB
′
k
EG
k
cB
k c
B
′
k
G
4. The following two squares commute for every positive integer k
EBk E
B′
k E
B
k E
B′
k
HomB∗ HomB′∗ HomB∗ HomB′∗
EG
k
sB
k
G∗
sB
′
k
EG
k
tB
k t
B
′
k
G∗
5. The following two squares commute for every positive integer k
FBk F
B′
k F
B
k F
B′
k
B∗ B′∗ B∗ B′∗
FG
k
sB
k+1
G∗
sB
′
k+1
FG
k
tB
k+1 t
B
′
k+1
G∗
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6. The following square commutes for every positive integer k
EBk ×HomB∗
EBk E
B′
k ×Hom
B′∗
EB
′
k
EBk E
B′
k
EG
k
×G E
G
k
∗B
k
EG
k
∗B
′
k
Moreover, conditions 1-5 above determine the pair of sequences EGk and F
G
k .
Proof. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated bifunctor. We wish to construct a sequence of functions EGk from
collection EBk to collection E
B′
k and a sequence of functors F
G
k from category
FBk to category F
B′
k with k running over collection of positive integers, such
that pair of sequences EGk and F
G
k satisfy conditions 1-6 above.
We proceed inductively on k. We begin with the definition of function
EG1 . Denote first by E
G
0 function from G
B to GB
′
defined as follows: Let
Φ be an element of GB. Assume first that Φ is a globular morphism in B.
In that case we make EG0 Φ to be equal to the image GΦ of morphism Φ
under functor G. Suppose now Φ is equal to horizontal identity iα of vertical
morphism α of B. In that case we make EG1 iα to be equal to horizontal
identity iG∗α of the image G
∗α of vertical morphism α under decoration G∗
of G. A direct computation proves that thus defined, function EG0 satisfies
the following conditions:
1. The following two squares commute
EB0 E
B′
0 E
B
0 E
B′
0
HomB∗ HomB′∗ HomB∗ HomB′∗
EG0
sB0
G∗
sB
′
0
EG0
tB0 t
B
′
0
G∗
2. The following two squares commute
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EB0 E
B′
0 E
B
0 E
B′
0
B1 B
′
1 B1 B
′
1
EG0
dB0
G
dB
′
0
EG0
cB0 c
B
′
0
G
We now define function EG1 : E
B
1 → E
B′
1 as function µEG
0
,G∗ associated
to pair formed by EG0 and morphism function of G
∗. Function EG1 is well
defined by condition 1 above. By the way it was defined, it is immediate that
EG1 satisfies conditions 1 and 4 in the proposition. Moreover, function E
G
1
satisfies condition 6 of the proposition. Finally, condition 2 above implies
that function EG1 satisfies condition 3 of the proposition. We define functor
FG1 as follows: Object function of F
G
1 will be restriction, to collection of
horizontal morphisms of B, of bifunctor adjacent to G. From the fact that
function EG1 satisfies condition 3 in the proposition it follows that function
EG1 , defined in collection E
B
1 of generators of category F
B
1 , admits a unique
extension to a functor from category FB1 to category F
B′
1 . We make functor
FG1 to be this extension. It follows, directly from its definition, that functor
FG1 satisfies part 2 of the proposition with respect to function E
G
1 . Moreover,
the fact that function EG1 satisfies condition 4 of the proposition implies that
functor FG1 satisfies condition 5 of the proposition.
Let k be a positive integer strictly greater than 1. Assume now that for
every positive integer m strictly less than k, a function EGm from collection
EBm to collection E
B′
m and a functor F
G
m from category F
B
m to category F
B′
m
have been defined in such a way that pair formed by sequence EBm and
sequence FGm with m running through collection of positive integers strictly
less than k, satisfies conditions 1-5 of the first part of the proposition. We
now construct a function EGk from collection E
B
k to collection E
B′
k and a
functor FGk from category F
B
k to category F
B′
k such that pair E
G
k and F
G
k
satisfies conditions 1-6 above, with respect to pair of sequences EGm and F
G
m
assumed to exist.
We first define function EGk . From the assumption that functor F
G
k−1
satisfies condition 5 in the proposition with respect to functors sk and tk it
follows that function µFG
k−1
,G∗ is a well defined function from collection E
B
k to
collection EB
′
k . We make E
G
k to be this function. From the way it is defined
it is clear that function EGk satisfies conditions 2,4, and 6 of the proposition.
Part 3 of the proposition follows from the functoriality of FGk−1 in category
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FBk−1 and from the fact that function E
G
k satisfies part 2 of the proposition.
Part 1 of the proposition follows from induction hypothesis. We now define
functor FGk as follows: We make object function of F
G
k to be restriction of
bifunctor F to collection of horizontal morphisms of B. From the fact that
function EGk satisfies condition 3 of the proposition it follows that E
G
k admits
a unique extension to a functor from category FBk to category F
B′
k . We make
FGk to be this functor. Thus defined, functor F
G
k satisfies condition 5 of the
proposition. This follows from the fact that function EGk satisfies condition
4 of the proposition.
We have thus defined, recursively, a pair of sequences EGk and F
G
k satis-
fying conditions 1-6 above. We now prove that these conditions determine
pair of sequences EGk and F
G
k . Let Tk be a sequence of functions from collec-
tion EBk to collection E
B′
k and let Uk be a sequence of functors from category
FBk to category F
B′
k with k running through collection of positive integers.
Suppose pair of sequences Tk and Uk satisfy conditions 1-6 above. We prove
that for each positive integer k function Tk is equal to function E
G
k and that
functor Uk is equal to functor F
G
k . We proceed by induction on k. Observe
first that from condition 1 of the proposition both function T1 and function
EG1 are equal to function E
G
0 when restricted to collection G
B. From this
and from the fact that both T1 and E
G
1 satisfy conditions 4 and 6 it follows
that functions T1 and E
G
1 are equal. Now, both functor U1 and F
G
1 are
equal on collection of generators EB1 of F
B
1 . From this and from the fact that
both U1 and F
G
1 are functors on category F
B
1 , freely generated by collection
EB1 it follows that functors U1 and F
G
1 are equal. Let k be a positive inte-
ger strictly greater than 1. Suppose now that for every positive integer m
strictly less than k functions Tm and E
G
m are equal and functors Um and F
G
m
are equal. From the fact that both function Tk and E
G
k satisfy condition 2
it follows that, when restricted to collection of morphisms of category FBk−1,
both functions are equal to morphism function of functor FGk−1. Now, from
the fact that both Tk and E
G
k satisfy conditions 4 and 6 it follows that they
are equal. Finally, functors Uk and F
G
k are equal on collection of generators
EBk of F
B
k . From this and from the fact that both U1 and F
G
1 are functors
on category FBk , freely generated by collection E
B
k it follows that functors
Uk and F
G
k are equal. This concludes the proof.

Observation 5.2. Let B and B′ be decorated bicategories. Let G : B →
B′ be a decorated pseudofunctor. Let m,k be positive integers such that
m is less than or equal to k. In that case condition 2 of the proposition
above implies that the restriction of EGk to E
B
m is equal to E
G
m and that the
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restriction of FGk to F
B
m, is equal to F
G
m .
Given a decorated pseudofunctor G : B → B′ from a decorated bicategory
B to a decorated bicategory B′ we will write EG∞ for the limit lim−→
EGk of the
sequence of functions EGk . Thus defined E
G
∞ is a function from E
B
∞ to E
B′
∞ .
Further, we will write FG∞ for the limit lim−→
FGk of the sequence of functors
FGk . Thus defined, F
G
∞ is a functor from F
B
∞ to F
B′
∞ . The following lemma
follows directly from proposition 5.1 and observation 5.2.
Lemma 5.3. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated pseudofunctor. The function EG∞ and the functor F
G
∞ associated to
G satisfy the following conditions:
1. The function EG∞ is equal to the morphism function of functor F
G
∞.
2. Let k be a positive integer. The restriction of EG∞ to E
B
k is equal to
EGk . Moreover, the restriction of F
G
∞ to F
B
k is equal to F
G
k .
3. The following squares commute
FB∞ F
B′
∞ F
B
∞ F
B′
∞
B∗ B′∗ B∗ B′∗
FG∞
sB∞
G∗
sB
′
∞
FG∞
tB∞ t
B
′
∞
G∗
4. The following square commutes
EB∞ ×HomB∗
EB∞ E
B′
∞ ×Hom
B′∗
EB
′
∞
EB∞ E
B′
∞
EG∞ ×G E
G
∞
∗B∞
EG∞
∗B
′
∞
Lemma 5.4. Let B and B′ be decorated bicategories. Let G : B → B′
be a decorated pseudofunctor. The functor FG∞ associated to the decorated
psudofunctor G is compatible with RB∞ and R
B′
∞.
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Proof. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated bifunctor. We wish to prove that functor FG∞ associated to G
is compatible with equivalence relations RB∞ and R
B′
∞ defined on categories
FB∞ and F
B′
∞ respectively. Compatibility of functor F
G
∞ with relation 1 in
the definition of equivalence relations RB∞ and R
B′
∞ follows directly from
conditions 5 and 6 in proposition 5.1.
We prove now that functor FG∞ is compatible with respect to relation 2
in the definition of RB∞ and R
B′
∞. Let Φ and Ψ first be globular morphisms
in B. Assume that pair Φ,Ψ is composable in B. In that case the image
FG∞Ψ •
B
∞ Φ of vertical composition Ψ •
B
∞ Φ under functor F
G
∞, is equal to
vertical composition FG∞Ψ •
B′
∞ F
G
∞Φ in B
′ of FG∞Φ and F
G
∞Ψ. This is, due to
condition 2 in proposition 5.1 equal to vertical composition FG1 Ψ •
B′
1 F
G
1 Φ
in B′ of FG1 Φ and F
G
1 Ψ, which in turn is equal to composition GΨ •
B′
1 GΦ
due to condition 1 of proposition 5.1. Now, the image FG∞ΨΦ, under functor
FG∞ of vertical composition ΨΦ in B, of globular morphisms Φ and Ψ, is
equal, by condition 1 in proposition 5.1 to the image GΨΦ of composition
ΨΦ under functor G, which in turn is equal to composition GΨGΦ of GΦ
and GΨ. This proves that functor FG∞ is compatible with respect to relation
1 in the definition of equivalence relations RB∞ and R
B′
∞ when restricted to
globular morphisms of B. We now prove functor FG∞ is compatible with
respect to relation 2 in the definition of RB∞ and R
B′
∞ when restricted to
horizontal identities of vertical morphisms of B. Let α and β be vertical
morphisms of B. Assume that pair α, β is composable in decoration B∗ of
B. In that case image FG∞iβ •
B
∞ iα of composition iβ •
B
∞ iα under functor
FG∞ is equal to composition F
G
∞iβ •
B′
∞ F
G
∞iα of F
G
∞iα and F
G
∞iβ. This in
turn is equal, again due to condition 1 of proposition 5.1, to composition
FG1 iβ •
B′
1 F
G
1 iα, which is equal to composition iG∗β •
B′
1 iG∗α of GiG∗β and
GiG∗α. Now, image F
G
∞iβα of horizontal identity iβα of composition βα under
functor FG∞ is, due to conditions 1 and 2 of proposition 5.1 and functoriality
of decoration G∗ of G, equal to horizontal identity iG∗βG∗α of composition
G∗βG∗α of G∗β and G∗α. This proves that functor FG∞ is compatible with
respect to relation 2 in the definition of equivalence relations RB∞ and R
B′
∞
when restricted to horizontal identities. We conclude that functor FG∞ is
compatible with respect to relation 2 in the definition of equivalence relations
RB∞ and R
B′
∞.
We now prove that functor FG∞ is compatible with relation 3 in the defi-
nition of equivalence relations RB∞ and R
B′
∞. Let Φ and Ψ be globular mor-
phisms in B. Suppose pair Φ,Ψ is compatible with respect to morphism
functions of pair of functors sB∞, t
B
∞. In that case the image F
G
∞Ψ ∗
B
∞ Φ of
concatenation Ψ ∗B∞ Φ under functor F
G
∞ is equal, by condition 4 of lemma
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5.3 to image FG1 Ψ ∗
B
1 Φ of concatenation Ψ ∗
B
1 Φ under functor F
G
1 . This in
turn is equal, by condition 2 of lemma 5.3, to concatenation FG1 Ψ ∗
B′
1 F
G
1 Φ
of FG1 Φ and F
G
1 Ψ. Now, the image F
G
∞Ψ ∗Φ of horizontal composition in B,
Ψ ∗Φ, of Φ and Ψ under functor FB∞, is equal, by condition 2 of proposition
5.3 and condition 1 to the image EG1 Ψ ∗ Φ of horizontal composition Ψ ∗ Φ
under function EG1 . This is equal to the image GΨ∗Φ of Ψ∗Φ under function
G, which in turn is equal to horizontal composition, in B′, GΨ ∗ GΦ of GΨ
and GΦ. This proves that functor FG∞ is compatible with relation 3 in the
definition of equivalence relations RB∞ and R
B′
∞.
Finally, compatibility of functor FG∞ with relations 4 and 5 in the defi-
nition of relations RB∞ and R
B′
∞ follows from condition 2 of lemma 5.3 and
from the fact that bifunctor adjacent to decorated bifunctor G carries left
and right identity transformations to left and right identity transformations
and associators to associators. This concludes the proof.

Given a decorated pseudofunctor G : B → B′ between decorated bicategories
B and B′ we will write V G∞ for the functor from V
B
∞ to V
B′
∞ induced by
FG∞ and the relations R
B
∞ and R
B′
∞. We will write H
G
∞ for the morphism
function of V G∞ . Thus defined H
G
∞ is the function from H
B
∞ to H
B′
∞ induced
by the function EG∞ and the equivalence relations R
B
∞ and R
B′
∞. The following
proposition follows directly from lemma 5.3.
Proposition 5.5. Let B and B′ be decorated bicategories. Let G : B → B′
be a decorated pseudofunctor. The functor V G∞ associated to G satisfies the
following conditions:
1. The following two squares commute
V B∞ V
B′
∞ V
B
∞ V
B′
∞
B∗ B′∗ B∗ B′∗
V G∞
sB∞
G∗
sB
′
∞
V G∞
tB∞ t
B
′
∞
G∗
2. The following square commutes
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V B∞ ×B∗ V
B
∞ V
B′
∞ ×B′∗ V
B′
∞
V B∞ V
B′
∞
V G∞ ×G H
G
∞
∗B∞
V G∞
∗B
′
∞
Notation 5.6. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated pseudofunctor. We write QG for the pair (G
∗, V G∞) formed by the
decoration G∗ of G and the functor V G∞ associated to G.
The following is the main theorem of this section.
Theorem 5.7. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated pseudofunctor. In that case pair QG is a double functor from QB
to QB′. The restriction, to the decorated double category B, of the decorated
horizontalization H∗QG, is equal to G.
Proof. Let B and B′ be decorated bicategories. Let G : B → B′ be a
decorated bifunctor. We wish to prove that in that case pair QG is a double
functor from free globularily generated double category QB associated to B
to free globularily generated double category QB′ associated to B
′. Moreover,
we wish to prove that restriction to B of decorated horizontalization H∗QG
of double functor QG associated to G is equal to G.
A direct computation proves that pair QG associated to decorated bi-
functor G intertwines horizontal identity functors iB∞ and i
B′
∞ of B and B
′ re-
spectively. This, together with a direct application of proposition 5.5 implies
that pair QG associated to G is a double functor. Object function of mor-
phism functor V G∞ is equal restriction to collection of horizontal morphisms
B1 of B and restriction of functor V
G
∞ to collection of globular 2-morphisms of
B is equal to 2-cell function of decorated bifunctor G. This together with the
fact that object functor of double functor QG is decoration G
∗ of G implies
that restriction to B of decorated horizontalization H∗QG of double functor
QG is equal to decorated bifunctor G. This concludes the proof. 
Definition 5.8. Let B and B′ be decorated bicategories. Let G : B → B′
be a decorated pseudofunctor from B to B′. In that case we call the double
functor QG the free double functor associated to G.
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Uniqueness
We now prove that condition appearing in theorem 5.7 characterizes the
condition of a double functor being free. We begin with the following lemma.
Lemma 5.9. Let B,B′ be decorated double categories. Let T : QB → QB′ be
a double functor. If the restriction to B of H∗T defines a decorated pseudo-
functor from B to B′ then for every positive integer k the morphism function
of the morphism functor of T restricts to a function from HBk to H
B′
k and
the morphism functor of T restricts to a functor from V Bk to V
B′
k .
Proof. Let B and B′ be decorated bicategories. Let T : QB → QB′ be a
double functor from free globularily generated double category QB associ-
ated to B to free globularily generated double category QB′ associated to B
′.
Suppose that restriction, to decorated bicategory B, of decorated horizon-
talization H∗T of double functor T defines a decorated bifunctor from B to
B′. We wish to prove that in this case for every positive integer k morphism
function of morphism functor of T restricts to a function from collection HBk
to collection HB
′
k and that morphism functor of T restricts to a functor from
category V Bk to category V
B′
k .
Let first Φ be an element of collection GB. If Φ is a globular morphism
in B then, by the conditions of the lemma the image TΦ of Φ under T
is a globular morphism in B′ and thus an element of collection GB
′
. Let
now α be a vertical morphism in B. The fact that T is a double functor
implies that the image T iα of horizontal identity iα under T is the horizontal
identity of a vertical morphism in B′ and thus is an element of collection
G
B′ . This, together with the fact that double functor T intertwines source
and target functors sB∞, t
B
∞ of QB and source and target functors s
B′
∞, t
B′
∞
of QB′ implies that the image of collection H
B
1 under morphism function
of morphism functor T is contained in collection HB
′
1 . Now, the fact that
the image of morphism function of morphism functor of T restricts to a
function from collection of generators HB1 of category V
B
1 to collection of
generators HB
′
1 of category V
B′
1 , together with functoriality of morphism
functor of double functor T implies that morphism functor of T restricts to a
functor from category V B1 to category V
B′
1 . An analogous argument proves,
inductively on k, that for every positive integer k morphism function of
morphism functor of T restricts to a function from collection HBk to collection
HB
′
k and that morphism functor of double functor T restricts to a functor
from category V Bk to category V
B′
k . This concludes the proof. 
Notation 5.10. Let B,B′ be decorated bicategories. Let T : QB → QB′ be a
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double functor. Suppose that the restriction, to B, of H∗T defines a decorated
pseudofunctor from B to B′. Given a positive integer k we write Tk,H for the
restriction to HBk , of the morphism function of the morphism functor of T ,
and we write Tk,V for restriction, to V
B
k , of the morphism functor of T . We
call Tk,H and Tk,V the k-th horizontal function and the k-th vertical functor
associated to T respectively.
Observation 5.11. Let B,B′ be decorated bicategories. Let T : QB → QB′
be a double functor. Suppose that the restriction to B of the decorated
horizontalization H∗T of T defines a decorated pseudofunctor from B to B′.
In that case the morphism functor T1 of T is equal to the limit lim−→
Tk,V of
the sequence Tk,V . In particular the morphism function of the morphism
functor T1 of T is equal to the limit lim−→
Tk,H of the sequence of functions
Tk,H .
Given a double functor T : QB → QB′ such that the restriction to B of
H∗T defines a decorated pseudofunctor from B to B′ we call the sequence
of functions Tk,H the free horizontal filtration associated to T and we call
the sequence of functors Tk,V the free vertical filtration associated to T .
The orizontal and the free horizontal, and the vertical and the free vertical
filtrations of a double functor T need not be equal. Observe nevertheless that
for every positive integer k the restriction to HQB of the horizontal filtration
of QB of Tk,H is equal to the k-th horizontal function H
T associated to T
and that the restriction to V QBk of Tk,V is equal to V
T
k . The following lemma
follows directly from lemma 5.9.
Lemma 5.12. Let B,B′ be decorated bicategories. Let T : QB → QB′ be
a decorated pseudofunctor. Let k be a positive integer. Suppose that then-
restriction to B of H∗T defines a decorated pseudofunctor from B to B′.
The function Tk,H and the functor Tk,V associated to T satisfy the following
conditions:
1. Let m be a positive integer less than or equal to k. The restriction to
the collection of morphisms of V Bm , of Tk,H is equal to the morphism
function of Tk,V and the restriction to the collection H
B
m of the mor-
phism function of the functor Tk,V is equal to the function Tk,H. The
restriction of Tk,H to H
B
m is equal to Tm,H and the restriction to V
B
m of
Tk,V is equal to Tk,V .
2. The following two squares commute
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HBk H
B′
k H
B
k H
B′
k
HomB∗ HomB′∗ HomB∗ HomB′∗
Tk,H
sB
k
T0
sB
′
k
Tk,H
tB
k t
B
′
k
T0
3. The following two squares commute
HBk H
B′
k H
B
k H
B′
k
B1 B
′
1 B1 B
′
1
Tk,H
dB
k
T
dB
′
k
Tk,H
cB
k c
B
′
k
T
4. The following square commutes
HBk ×HomB∗
HBk H
B′
k ×Hom
B′∗
HB
′
k
HBk H
B′
k
Tk,H ×T Tk,H
∗B
k
Tk,H
∗B
′
k
5. The following two squares commute
V Bk V
B′
k V
B
k V
B′
k
B∗ B′∗ B∗ B′∗
Tk,V
sB
k+1
T0
sB
′
k+1
Tk,V
tB
k+1 t
B
′
k+1
T0
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The following proposition says that both the horizontal and the vertical
free filtrations of a double functor between free globularily generated double
categories are completely determined by their first term.
Proposition 5.13. Let B and B′ be decorated bicategories. Let T and T ′
be double functors from B to B′. Suppose that H∗T and H∗T ′ restrict to
decorated pseudofunctors from B to B′. If T1,H and T
′
1,H are equal then
for every positive integer k the functions Tk,H and T
′
k,H are equal and the
functors Tk,V and T
′
k,V are equal.
Proof. Let B and B′ be decorated bicategories. Let T and T ′ be double
functors from QB to QB′ . Suppose restriction to B of decorated horizontal-
izations H∗T and H∗T ′ of T and T ′ define decorated bifunctors from B to
B′. Further, assume that functions T1,H and T
′
1,H are equal. We wish to
prove in that for every positive integer k functions Tk,H and T
′
k,H are equal
and that functors Tk,V and T
′
k,V are equal.
We proceed by induction on k. We are assuming that functions T1,H and
T ′
1,H are equal. We prove that functors T1,V and T
′
1,V are equal. Observe that
restriction to collection HB1 of morphism function of functor T1,V is equal to
function T1,H and that restriction to collection H
B
1 of morphism function of
functor T ′
1,V is equal to function T
′
1,H . This, the assumption that functions
T1,H and T
′
1,H are equal, the fact that collection H
B
1 generates category V
B
1 ,
and functoriality of T1,V and T
′
1,V implies that functors T1,V and T
′
1,V are
equal.
Let k be a positive integer strictly greater than 1. Suppose that for every
positive integer m strictly less than k functions Tm,H and T
′
m,H are equal
and functors Tm,V and T
′
m,V are equal. We now prove that functions Tk,H
and T ′k,H are equal and that functors Tk,V and T
′
k,V are equal. We first prove
that functions Tk,H and T
′
k,H are equal. Morphism functions of functors
Tk−1,V and T
′
k−1,V are equal by induction hypothesis. This and the fact that
functors Tk−1,V and T
′
k−1,V both satisfy conditions 4 and 5 of lemma 5.12
implies that functions Tk,H and T
′
k,H are equal. We now prove that functors
Tk,V and T
′
k,V are equal. Restriction to collection H
B
k of morphism function
of functor Tk,V is equal to function Tk,H and restriction to collection H
B
k of
morphism function of functor T ′k,V is equal to function T
′
k,H . The fact that
functions Tk,H and T
′
k,H are equal, the fact that collection H
B
k generates
category V Bk , and functoriality of both Tk,V and T
′
k,V implies that functors
Tk,V and T
′
k,V are equal. This concludes the proof. 
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Corollary 5.14. Let B and B′ be decorated bicategories. Let T and T ′ be
double functors from QB to QB′. Suppose that H
∗T and H∗T ′ restrict to
decorated bifunctors from B to B′. If the functions T1,H and T
′
1,H are equal
then T and T ′ are equal.
We conclude this section with the following theorem, which says that the
conditions in theorem 1 characterize the condition of a double functor being
free. The proof of this theorem is a direct consequence of corollary 5.14.
Theorem 5.15. Let B and B′ be decorated bicategories. Let G : B → B′
be a decorated pseudofunctor. The double functor QG is the only double
double functor from QB to QB′ such that the restriction, to B, of its decorated
horizontalization, is equal to G.
6 Freeness of free globularily generated double cat-
egories
In this final section we prove that the globularily generated double category
construction presented in section 3 together with the free double functor con-
struction presented in section 5 combine into a functor. We call this functor
the free globularily generated double category functor. We prove that the
free globularily generated double cateogry functor is left adjoint to the dec-
orated horizontalization functor. We interpret this result by saying that the
free globularily generated double category construction is free with respect
to the decorated horizontalization functor. We regard this as a categorical
formalization of the consideration of the canonical projection associated to
a globularily generated internalization as a generators and relations presen-
tation of the internalization.
Functoriality
We begin by proving that the free double functor construction presented in
section 5 provides the free globularily generated double category construction
with the structure of a functor. We begin with the following lemma.
Lemma 6.1. Let B,B′, and B′′ be decorated bicategories. Let G : B → B′
and G′ : B′ → B′′ be decorated pseudofunctors. Let k be a positive integer.
In that case the function HG
′G
k associated to the composition G
′G is equal to
the composition HG
′
k H
G
k , and the functor V
G′G
k associated to the composition
G′G is equal to the composition V G
′
k V
G
k .
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Proof. Let B,B′, and B′′ be decorated bicategories. Let G : B → B′ and
G′ : B′ → B′′ be decorated bifunctors. Let k be a positive integer. We wish
to prove that in this case function HG
′G
k associated to composition G
′G of G
and G′ is equal to composition HG
′
k H
G
k of functions H
G
k and H
G′
k . Moreover,
we wish to prove that functor V G
′G
k associated to composition G
′G of G and
G′ is equal to composition V G
′
k V
G
k of functors V
G
k and V
G′
k .
We proceed by induction on k. We first prove that function HG
′G
1 as-
sociated to composition G′G of G and G′ is equal to composition HG
′
1 H
G
1
of HG1 and H
G′
1 . Let Φ be an element of collection G
B. Suppose first that
Φ is a globular morphism in B. In that case the image HG
′G
1 Φ of Φ under
function HG
′G
1 is equal to the image G
′GΦ of Φ under composition G′G of
G and G′, this on the other hand is equal to composition G′ΦGΦ of glob-
ular morphisms GΦ and G′Φ in B′. Now, the image HG
′
1 H
G
1 Φ of Φ under
composition HG
′
1 H
G
1 is equal to the image H
G′
1 H
G
1 Φ of H
G
1 Φ under function
HG
′
1 . The image H
G
1 Φ of Φ under function H
G
1 is equal to the image GΦ of
Φ under G. Now, the image HG
′
1 GΦ of globular morphism GΦ in B
′ under
function HB
′
1 is equal to the image G
′GΦ of morphism GΦ under G′, which
in turn is equal to the image G′GΦ of Φ under composition G′G of G and G′.
This proves that function HG
′G
1 associated to composition G
′G is equal to
composition HG
′
1 H
G
1 when restricted to globular morphisms of B. Suppose
now that Φ is the horizontal identity iα of a vertical morphism α of B. In
this case the image HG
′G
1 Φ of Φ under function H
G′G
1 is equal to the image
G′GΦ of Φ under composition G′G of G and G′, which is equal to horizontal
identity iG′Gα of vertical morphism G
′Gα in B′′. Now, the image HG
′
1 H
G
1 Φ
of Φ under composition HG
′
1 H
G
1 is equal to the image of H
G
1 Φ under function
HG
′
1 . Now, the image H
G
1 Φ of Φ under H
G
1 is equal to horizontal identity
iGα of vertical morphism Gα in B
′. The image HG
′
1 H
G
1 Φ of H
G
1 Φ under
function HG
′
1 is thus the image of horizontal identity iGα under H
G′
1 , which
in turn is equal to horizontal identity iG′Gα of vertical morphism G
′Gα in
B′′. This proves that function HG
′G
1 is equal to composition H
G′
1 H
G
1 when
restricted to collection GB. This and the fact that functions HG1 ,H
G′
1 , and
HG
′G
1 all satisfy condition 2 of proposition 5.5 proves that equality extends
to collection HB1 . Now both functor V
G′G
1 associated to composition G
′G
and composition V G
′
1 V
G
1 of functors V
G′
1 and V
G
1 are equal to function H
G′G
1
when restricted to collection HB1 of generators of category V
B
1 . This and the
fact that function HG
′G
1 satisfies condition 2 of proposition 5.5 implies that
functor V G
′G
1 is equal to composition V
G′
1 V
G
1 of V
G′
1 and V
G
1 .
Let now k be a positive integer strictly greater than 1. Suppose that for
every positive integer m strictly less than k equations HG
′G
m = H
G′
m H
G
m and
V G
′G
m = V
G′
m V
G
m are satisfied. We now prove that equations H
G′G
k = H
G′
k H
G
k
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and V G
′G
k = V
G′
k V
G
k are satisfied. We first prove that function H
G′G
k associ-
ated to composition G′G of G and G′ is equal to composition HG
′
k H
G
k of H
G
k
and HG
′
k . Both function H
G′G
k associated to G
′G and composition HG
′
k H
G
k of
HGk and H
G′
k are equal to morphism function of functor V
G′G
k−1 when restricted
to collection of morphisms of category V G
′G
k−1 . This, together with the way
function HG
′G
k is defined, and the fact that functor V
G′G
k−1 satisfies condition
? of proposition ? implies that function HG
′G
k and composition H
G′
k H
G
k of
HG
′
k and H
G
k are equal. Now, both functor V
G′G
k associated to composition
G′G of G and G′ and composition V G
′
k V
G
k of functors V
G
k and V
G′
k are equal
to function HG
′G
k when restricted to collection H
B
k of generators of category
V Bk . This, together with the fact that function H
G′G
k satisfies condition 1 of
porposition 5.5 implies that functor V G
′G
k associated to composition G
′G of
G and G′ and composition V G
′
k V
G
k of V
G
k and V
G′
k are equal. This concludes
the proof. 
An argument similar to the one used in lemma 6.1 proves the following
lemma.
Lemma 6.2. Let B be a decorated bicategory. Let k be a positive integer. In
that case the function H idBk associated to the identity decorated endopseudo-
functor idB of B is equal to the identity function idHB
k
of the collection HBk ,
and the functor V idBk associated to the identity endopseudofunctor idB of B
is equal to the endofunctor idV B
k
of V Bk .
Notation 6.3. Let k be a positive integer. We write Vk for the pair formed
by the function associating the category V Bk to every decorated bicategory B
and the function associating the functor V Gk to every decorated pseudofunctor
G. We write Hk for the pair formed by the function associating the collection
HBk to every decorated bicategory B and the function associating the function
HGk to every decorated pseudofunctor G.
Lemma 6.4. Let k be an integer. The pairs Vk and Hk defined above de-
fine functors from bCat∗ to Cat and Set respectively. Moreover, when re-
stricted to the subcategory 2Cat∗ of bCat∗ of decorated 2-categories and
decorated strict 2-functors, the functor Hk admits the structure of a functor
from 2Cat∗ to Cat.
Notation 6.5. We will write V∞ for the pair formed by the function as-
sociating the category V B∞ to every decorated bicategory B and the function
associating the functor V G∞ to every decorated pseudofunctor G. We writeH∞
for the pair formed by the function associating the collection of morphisms
29
HB∞ of the category V
B
∞ to every decorated bicategory B and the morphism
function HG∞ of V
G
∞ to every decorated pseudofunctor G.
The following proposition is a direct consequence of lemma 6.4.
Proposition 6.6. The pairs V∞ and H∞ defined above define functors from
bCat∗ to Cat and Set respectively. When restricted to the subcategory 2Cat∗
of bCat∗, H∞ admits the structure of a functor from 2Cat
∗ to Cat. Finally,
the functors V∞ and H∞ are equal to the limits lim−→
Vk and lim−→
Hk in Cat of
the sequences of functors Vk and Hk respectively.
Proposition 6.7. The pair formed by the function associating QB to every
decorated bicategory B and the function associating QG to every decorated
bifunctor G defines a functor from bCat∗ to gCat. Further, the restriction
of H∞ to 2Cat
∗ is equal to the composition τQ.
Definition 6.8. We call the functor Q defined in proposition 6.7 the free
globularily generated double category functor.
Adjoint relation
We now prove that the free globularily generated category functor Q of
proposition 6.7 is left adjoint to the decorated horizontalization functor H∗.
We begin by proving that the canonical double projection construction pre-
sented in section 3 is natural. We will write pi for the collection of canonical
double projections piC with C running over the collection of all globularily
generated double categories.
Proposition 6.9. The collection pi of canonical double projections is a nat-
ural transformation.
Proof. We wish to prove that collection pi formed by canonical projections
piC with C running through collection of globularily generated double cate-
gories, is a natural transformation from composition H∗Q of free globularily
generated double category functor Q and decorated horizontalization functor
H∗ to identity endofunctor idgCat of category gCat of globularily gener-
ated double categories and double functors. That is, we wish to prove that
for every double functor T : C → C ′ from a globularily generated double cat-
egory C to a globularily generated double category C ′ the following square
commutes
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QH∗C QH∗C′
C C ′
QH∗T
piC
T
piC
′
Let C and C ′ be globularily generated double categories. Let T : C → C ′ be
a double functor from C to C ′. We first prove that for each positive integer
k the following two squares commute
HH
∗C
k H
H∗C′
k V
H∗C
k V
H∗C′
k
HomC1 HomC′1 C1 C
′
1
HH
∗T
k
Hpi
C
k
T
Hpi
C
′
k
V H
∗T
k
V pi
C
k V
piC
′
k
T
we do this by induction on k. We fist prove that square on the left commutes
in the case in which k is equal to 1. Let Φ be an element of collection GB.
Suppose first that Φ is a globular morphism in B. In that case the image
HH
∗T
1 Φ of Φ under function H
H∗T
1 is equal to the image H
∗TΦ of Φ under
functor H∗T , which is equal to the image TΦ of Φ under T . The image
Hpi
C′
1 TΦ of TΦ under function H
piC
′
1 is equal to TΦ. Thus the upper right
corner of left side square above, in the case in which k equals 1, is equal to
the image TΦ of Φ under double functor T . Now, the image Hpi
C
1 Φ of Φ
under function Hpi
C
1 is equal to Φ, which proves that the lower left corner
of left square above is also equal to TΦ. Suppose now that Φ is equal to iα
for a vertical morphism α of B. In that case, the image HH
∗T
1 Φ of Φ under
function HH
∗T
1 is equal to the image H
∗TΦ of Φ under H∗T , which is, in this
case, equal to horizontal identity iH∗Tα of vertical morphism H
∗Tα of C ′.
This is equal to Tα and thus the image of Φ under the upper right corner of
the left square above is horizontal identity iTα of vertical morphism Tα in
B′. Now, the image Hpi
C
1 under function H
piC
1 of Φ is equal to Φ. Thus the
image of Φ under the bottom left corner of diagram on the left above is also
equal to TΦ. We conclude that diagram on the left above commutes when
restricted to collection GB. This together with the fact that function HH
∗T
1
satisfies condition 6 of proposition 5.1 and T is a double functor, implies
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that square on the left above commutes on collection HB1 . Now, square on
the right above commutes when restricted to collection EB1 of generators of
category V B1 . This, together with the fact that all edges involved are functors
implies that square on the right above commutes on full category V B1 .
Let now k be a positive integer strictly greater than 1. Suppose that for
every positive integer m strictly less than k squares above commute. We
now prove that squares above commute for k. Square on the left above
commutes when restricted to collection of morphisms of category V H
∗C
k−1 by
induction hypothesis. This, together with the fact that the upper edge of the
square satisfies condition 4 of proposition 5.12, its left and right edges satisfy
condition 5 of 5.12 and its bottom edge satisfies condition ? of definition ?
implies that the full square commutes. Now, square on the right above
commutes when restricted to collection EBk of generators of category V
B
k .
This, together with the fact that all edges of the square are functors, implies
that the full square commutes for category V Bk . The result follows from this
by taking limits of squares on the right above.

Notation 6.10. Let B be a decorated double category. In that case B is a
sub decorated double category of the decorated horizontalization H∗QB of the
free globularily generated double category QB associated to B. We denote by
jB the inclusion decorated pseudofunctor of B in H∗QB. We write j for the
collection of inclusion decorated pseudofunctors jB with B running through
the collection of all decorated bicategories.
Observation 6.11. As defined above the collection of inclusion decorated
pseudofunctors j is clearly a natural transformation.
Theorem 6.12. The free globularily generated double category functor Q is
left adjoint to the decorated horizontalization functor H∗. Natural transfor-
mations pi and j as defined above form a counit-unit pair for the adjoint pair
Q,H∗.
Proof. We wish to prove that pair formed by free globularily generated
double category functor Q and decorated horizontalization functor H∗ forms
an adjoint pair. Moreover, we wish to prove that pair formed by canonical
projection natural transformation pi and natural transformation j forms a
counit-unit pair for pair Q,H∗.
It has already been established that pi is a natural transformation from
composition QH∗ of decorated horizontalization functor H∗ and free globu-
larily generated double category functor Q to identity endofunctor idgCat of
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category gCat of globularily generated double categories and double func-
tors, and that j is a natural transformation from identity endofunctor idbCat∗
of category bCat∗ of decorated bicategories and decorated bifunctors, to
composition H∗Q of free globularily generated double category functor Q
and decorated horizontalization functor H∗. We thus only need to prove
that pair pi, j satisfies the triangle equations for a counit-unit pair. We begin
by proving that the following triangle commutes
H∗ H∗QH∗
H∗
jH∗
idH∗
H∗pi
Let C be a globularily generated double category. In that case decoration
and collection of horizontal morphisms of both decorated horizontalization
H∗C of C and decorated horizontalization H∗QH∗C of free globularily gen-
erated double category QH∗C associated to horizontalization H
∗C of C are
equal to category of objects C0 of C and to collection of objects of morphism
category C1 of C respectively. Moreover, restriction of inclusion decorated
bifunctor jH∗C of decorated horizontalization H
∗C of C in decorated hor-
izontalization H∗QH∗C of QH∗C to both category of objects C0 of C and
collection of horizontal morphisms of C is the identity function. Restriction
of inclusion jH∗C to collection of globular morphisms of H
∗C is inclusion of
collection of globular morphisms of C to collection of globular morphisms of
QC . Now, again restriction to both decoration and collection of horizontal
morphisms of horizontalization H∗piC of canonical projection piC associated
to C is equal to the identity function in both cases. Restriction of H∗piC
to collection of globular morphisms of decorated horizontalization H∗QH∗C
of free globularily generated double category QH∗C associated to decorated
horizontalization H∗C of C is equal to restriction, to collection of globular
morphisms of C, of canonical projection piC associated to C, which is equal
to the identity function. It follows, from this, that composition H∗piCjH∗C
of inclusion jH∗C of decorated horizontalization H
∗C associated to C in dec-
orated horizontalization H∗QH∗C associated to QH∗C and decorated hori-
zontalization H∗piC of canonical projection piC associated to C is equal to
the identity of decorated horizontalization H∗C. We conclude that triangle
above commutes.
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We now prove that the following triangle is commutative
Q QH∗Q
Q
Qj
idQ
piQ
Let B be a decorated bicategory. In this case restriction to both category
of objects C0 of C and to collection of horizontal morphisms of C, of in-
clusion decorated bifunctor jB of B in decorated horizontalization H
∗QB
of free globularily generated double category QB associated to B is equal
to the identity function. Restriction, to both category of objects C0 of C
and to collection of horizontal morphisms of C, now of canonical projection
piQB associated to free globularily generated double category QB associated
to B, is again equal to the identity function. We now prove that restric-
tion, to decorated bicategory B, of decorated horizontalization H∗piQBQjB
of composition piQBQjB of free globularily generated functor QjB associated
to canonical inclusion jB associated to B and canonical projection pi
QB as-
sociated to free globularily generated double category QB associated to B
defines a decorated endobifunctor of B. It has already been established that
restriction, to both decoration and collection of horizontal morphisms of B,
of both QjB and pi
QB and thus of composition piQBQjB is equal to the iden-
tity function. Now, let Φ be a globular morphism in B In that case the
image QjBΦ of Φ under functor QjB is equal to the image jBΦ of Φ under
canonical inclusion jB associated to B, which is equal to B. Now, the image
piQBΦ of Φ under canonical projection piQB associated to QB, is again equal
to Φ. We conclude that restriction to decorated bicategory B, of decorated
horizontalization H∗piQBQjB of composition pi
QBQjB defines a decorated en-
dobifunctor of B. Moreover, this decorated endobifunctor of B is the identity
endobifunctor of B. It follows, from this, and from proposition 6.9 that com-
position piQBQjB is equal to the identity endobifunctor of QB. We conclude
that triangle above commutes. This concludes the proof.

We interpret theorem 6.12 by saying that the free globularily generated dou-
ble category functor Q is free with respect to the decorated horizontalization
functor. We regard this as a categorical formalization of the idea that canon-
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ical projections of globularily generated internalizations define a generators
and relations presentation of the internalization.
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